Abstract. Using Néron's reduction theory and a method of Täte, we develop a procedure for calculating the local and global Néron-Tate height on an elliptic curve over the rationals. The procedure is illustrated by means of two examples of Silverman and is then applied to calculate the global Néron-Tate height of a series of rank-one curves of Bremner-Cassels and of a series of rank-two curves of Selmer. In the latter case, the regulator is also computed, and a conjecture of S. Lang is investigated numerically.
Multiplication Formulas. Let the elliptic curve E over any field K be defined by a generalized Weierstrass equation (E)
y2 A axxy A a3y = x3 + a2x2 A a4x A a6 (a, e K).
As usual, we introduce the quantities (see [10] , [11] ) A2 = a2 A 4a2, b4 = axa3 A 2a4, b6 = aj A 4a6, Ag = axa6 -axa3a4 A 4a2a6 A a2a\ -a\, c4 = b\ -24b4, c6 = -A3 + 36A2A4 -216A6, and the discriminant A = -A22A8 -8A43 -27A2 + 9A2A4A6 * 0, as well as the absolute invariant j = cl/ts, belonging to E over K. The fact that E is nonsingular implies the nonvanishing of the partial derivatives at every rational point P e E(K):
(Íf(,),fo>))*<o.o).
The addition law in the additive Abelian group E(K) of rational points on E over K is given by the following formulas: For P = (xP, yP), Q = (xQ, yQ) e E(K), denote the sum by P A Q = Generalizing classical formulas (see [3] , [4] , [15] ), we obtain Proposition 1. For a rational point P e E(K) and an r e N, the r-fold rational point has coordinates where <I>r, ^r, and 2Qr are polynomials in x and y with coefficients in Z[ax, a2, a3, a4, a6] given by the following recursion formulas:
•$! = x, 02 = xA -b4x2 -2b6x -A8, %%r=%[*r2-l%+2-%-2*r2+l\-Moreover, í>r, as a polynomial in x, has degree r2 and leading coefficient 1, whereaŝ (resp. <í,21<fír), as a polynomial in x, has degree (r2 -l)/2 (resp. (r2 -4)/2) and leading coefficient r (resp. r/2) provided that r is odd (resp. even). If we assign the weight 2, 3 or i to x, y or a¡, then each term of $r has weight 2r2 and each term of fr (resp. <^2lyi,r) has weight r2 -1 (resp. r2 -4). The coefficients of <L>r, tyr, as polynomials in x, y, belong already to Z[A2, A4, A6, A8].
From Proposition 1, one derives the following Corollary. For r g N, we put ^_r = -%. Then, for r, n g N, we have (4) *?n(P) = %2r\P)^2 (nP) and, more generally, (4') *2»(p) = n*2m2("~')(™>iP). and finally, for r G N0,
4»2(2T) = $2,+ l(P)*2-,8(P), ^22(2rP) = ^2 + i(P)^2rs(P).
These formulas will be needed in the sequel.
2. Reduction Theory. Now let the elliptic curve E be defined by (E) over a complete field K with respect to a discrete normalized additive valuation v, and suppose that the corresponding residue field K of K is perfect. We assume the equation defining E over K to be minimal with respect to the valuation v (see [11] ).
Reducing E modulo v yields a cubic curve (E) y2 + äxxy + ä3y = x3 + ä2x2 + ä4x + ä6 (à, G K) over K with discriminant À. If Ä # 0, i.e., u(A) = 0, then Ë is an elliptic curve over K, and E has good reduction at v. If, however, À = 0, i.e., u(A) > 0, then £ is a rational curve over K, and E has bad reduction at v. In the latter case, E is said to have multiplicative reduction or additive reduction modulo v, according as v(c4) = 0 or u(c4) > 0, respectively. Denote by E0(K) the set of points in E(K) whose image under the reduction map modulo v,
is a nonsingular point on É over K. Then, EQ(K) is a subgroup of finite index in E(K). Further, the set
is a subgroup of E0(K), sind the restriction p0 to E0(K) of the reduction map p induces an injective homomorphism of the factor group
to the nonsingular part Ë0(K) of Ë(K).
We shall use the following result (see [11] ).
Proposition 2. The above groups satisfy
if E has multiplicative reduction at v, and #(E(K)/E0(K)) 4 4 if E has additive reduction at v.
3. Definition of Height Functions. Now let K be a global field, that is, an algebraic number field or a function field of finite transcendence degree over its field of constants k. Then K possesses a complete set MK of nonequivalent additive valuations v satisfying the sum formula (S) Ya \vv(c) = 0 forO^ce K with some positive multiplicities Xv g R (cf. [7] , [13] ).
For an elliptic curve E over K, given by the Weierstrass equation (E), we introduce the quantities (8) ix, = min{t;(A2),^(A4),it;(A6),if;(A8)}.
Let P = (xP, yP) g E(K) be any rational point and 6 = (oo,oo) designate the point at infinity. Then we define the local Weil height on E(K) with respect to v by setting
*-(P>=(-K ur-0.
Then the global Weil height on E(K) is simply the sum, with multiplicities, over the local Weil heights
veMK (see [13] ).
In order to define the global Néron-Tate height on E(K), we proceed in the same way as with the global Weil height. However, before introducing the local Néron-Tate height on E(K), we need some estimates. where the constant av can be chosen to be 0 or -log 2 according as the valuation v of K is discrete or archimedean, respectively (see [13] ).
These estimates are obtained as generalizations of those given in [13] , [14] . At the same time, they sharpen those cited. Remark 1. It is interesting to note that the authors of [2] suggested that a sharpening of the estimates in [13] , [14] should be possible. Proposition 3 appears to be a step in this direction.
Employing (10), the inequalities (11) can be further generalized.
Corollary. For any m G N, there are (recursively computable) nonnegative constants c, m, c2 m G R depending on E, K, and v such that, given an arbitrary point P G E(K) with mP # 0, we have (IV) cUm 4 dv(mP) -m2dv(P) -Jd(*¿(P)) *S c2,m.
We are now in a position to define the local Néron-Tate height on E(K) with respect to v. Let m, n g N and m > 2. Then, for a rational point P G E(K) such that m"P =é <S for each n G N, we define the local Néron-Tate height of P with respect to v by the limit formula <*> v.<,)-B./4í^i-líí3aáía\+±.(4). Proof. The proof is an adaptation of the corresponding proof of the existence theorem in [14] . Indeed, one exploits (10), (11) from Proposition 3 and (11') from the corollary to establish the existence of 8V m. Then formulas (6) and (4) from the corollary to Proposition 1 are utilized to prove that 8l: m fulfills the asserted relations License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use (13) and (14) . Finally, the independence of 8V m on m is a consequence of the In fact, 8V m = 8V is uniquely determined by the properties (14) and (15) and hence is independent of the choice of m.
We can now define the global Néron-Tate height on E(K) as the sum, with multiplicities, over the local Néron-Tate heights as follows (see [14] ):
, , Í I KMP) ap + o, (16) 8(P) = vgmk lo ifP = 0.
By the sum formula (S) we then obtain on the basis of (13) and (14):
The global Néron-Tate height onE(K) fulfills the relations
and, for r G N,
Remark 2. Corollary 2 shows that the global Néron-Tate height 8 is a quadratic form on E(K), whereas Proposition 4 implies that the local Néron-Tate height 8V is "almost" a quadratic form on E(K). Thus we obtain from the limit formula (12) and the definition (9) of dv the asserted relation
Suppose that a rational point P = (xP, yP) g E(K) satisfies the inequality v(xP) < u" for a nonarchimedean (discrete) valuation v of the global field K. Then the local Néron-Tate height of P essentially coincides with the local Weil height of P with respect to v; more precisely, 8v(P) = du(P) + ~v(A).
From Proposition 5 we get the following theorem, which is crucial for the calculation of the Néron-Tate height on E(K). Theorem 1. Let E be an elliptic curve defined by a Weierstrass equation (E) over an algebraic number field K. Choose a discrete normalized additive valuation v of K and suppose that the equation (E) is minimal with respect to v.* Then, for each nontorsion point P G E0(K), the local Néron-Tate height of P is essentially equal to the local Weil height of P with respect to v; more precisely, 8v(P) = dv(P)A±v(à).
Proof. The theorem can be found in [9] . For the convenience of the reader, however, we give a proof.
By Proposition 5, we may confine ourselves to the case in which v(xP)> ¡iv. The subcase in which v(xP)> u" > 0 would lead to a contradiction to the choice of P G EQ(K). Hence it remains to consider the subcase in which v(xP)>nv = 0.
The reduction map of Section 2,
is an injective homomorphism. Since K is a number field, the residue field K of K with respect to v is finite and hence so is the group E0(K). Therefore, for any P g E0(K), there exists a number r g N such that rP g Ex(K). Choose r g N minimal with this property. Then we have v{xrP) <ßu = 0-From this, since v(xP)> u" = 0 and v(a¡) > u" = 0, we conclude that v($r(P)) > 0 and v{%(P)) > 0.
We claim (17) v(xrP) = -v{^(P)).
*The required minimal model of E is found by Tate's algorithm [11] .
By Proposition 5, Formula (14) of Proposition 4, and the definition (9) of dv, this claim yields the asserted identity
To prove (17) it suffices to show that (18) u(*,(P)) = 0. This is accomplished by verifying (18), first for the lower r g N and then for general r G N.
Let r = 2.
If v(3xp A 2a2xP A a4 -axyP) > 0 we would get a contradiction to the assumption that P g E0(K). Hence it is enough to consider v(3xp A 2a2xP A a4 -axyP) = 0. But then the asserted relation (18) follows directly from the formula (2) for x2P and Proposition 1. Let r = 3.
By the minimal choice of r, we have v(%(P)) = 0 sind v(%(P))>0. Now the decomposition formula (which can be verified without trouble) %(P) = %(P)[%(P)(6x2 + b2xP A b4) -%\P)} yields v(ty4(P)) = 0, and hence the relation from Proposition 1, <t>3(P) = xP%2(P)-%(P)%(P), leads to the identity v(<t>3(P)) = 0, as asserted in (18).
Finally, let r > 4.
Again, by the choice of r, we have v(%(P)) = v(%(P)) = ••• = v(%_1(P)) = 0 and i>(*,(P))>0.
Then Formula (5) from the corollary to Proposition 1 yields v(x2P-xP) = 0 and v(x(r_X)P -xP) > 0, so that another consequence of Formula (5), viz.,
leads to i;(^r+1(/>)) = 0. Now the identity from Proposition 1, *r(P) = xP*?(P)-%_x(P)%+x(P), reveals that v(<±>r(P)) = 0, as asserted in (18). This proves Theorem 1.
Remark 3. Theorem 1 makes it possible to calculate the local Néron-Tate height 8V(P) with respect to all discrete valuations v of the number field K for all nontorsion points P G E(K). This is true because Proposition 2 tells us that a suitable multiple rP of P belongs to E0(K). Then we apply Theorem 1 to calculate 8v(rP) and use Formula (14) from Proposition 4 to get the desired value of 8V(P) itself.** Remark 4. Torsion points P G E(K) are of no interest in this connection since their global Néron-Tate height is 8(P) = 0.
It remains to show how to compute the local Néron-Tate height S" for archimedean valuations v of the number field K. From (4') in the corollary to Proposition 1, we get the formula
which proves to be useful in the sequel. Now, since we are interested here only in the case of K = Q, the field of rational numbers, we confine ourselves to considering its completion Kx = QK = R with respect to the ordinary absolute value v = vx = -log | |. Then Tate's method is best suited for calculating 8V (see [12] ). Proof See [12] . However, the assertion of Theorem 2 also follows from Proposition 6. In the situation of Theorem 2 we have for n g N0, i2np A2"p ** Added in proof. Joe Silverman, whom we wish to thank for some valuable hints, told us that he has carried out similar height computations (unpublished) avoiding, however, the use of Proposition 2 by employing Tate's local formulas (see [14] ). ***Hence T is either £(R) or the identity component of £(H) according as £(R) is connected or disconnected.
Proof. The proof is carried out easily by means of the formulas (7) in the corollary to Proposition 1.
Remark 5. The simplest way of finding a subgroup T of E(R) of the type desired in Theorem 2 is by applying a birational transformation to (E) to obtain a model (E') such that A¿ < 0. Then T = £"(R) itself will do.
In the special case of K = Q we are interested in, the set MQ consists in the p-stdic valuations v corresponding to the primes p of Q and the additive valuation vx = -log | | corresponding to the unique archimedean absolute value | | on Q. Of course, the multiplicities in the sum formula (S) are all \L, = 1.
5. Examples. We are now in a position to calculate the Néron-Tate height 5 on the group E(K) of rational points on an elliptic curve E over the rational number field K = Q. To this end, we use the defining formula (16) for 8 with multiplicities X v = 1 to reduce the computation of 8 to that of the local Néron-Tate heights 8V on E(K). For discrete valuations v of Q, the height 8V is calculated by means of Theorem 1 in accordance with Remark 3, and for the archimedean absolute value vx = -log| |, the calculation of 8V is performed on the basis of Theorem 2.
(i) Examples of Silverman. We illustrate our procedure by verifying the height calculations of Silverman [9] . (ii) The Bremner-Cassels Curves. Our procedure turns out to be particularly useful for calculating the global Néron-Tate height on the elliptic curves E : y2 = x3 + px for primes p of Q such that p = 5 (mod 8), as they were considered by Bremner and Cassels [1] . The authors exhibit points P g E(Q) of infinite order on 43 curves of this type, where One easily checks that P g £0(Q) for all primes p of Q and all points P G P(Q) displayed in [1] . (Notice that 2yP and 3x2P + p are relatively prime.) This leads to Proposition 7. For the points P g ^(Q) of infinite order on the Bremner-Cassels curves in [1] , the Néron-Tate height is 8(P) = 8JP)A ¿In|A|+lnM.
(iii) Modular Elliptic Curves. In [16, pp. 75-113] , N. M. Stephens and J. Davenport list 68 modular elliptic curves E of rank 1 with a rational point P g E(Q) of infinite order. We computed the Néron-Tate heights of these points P.* Comparison of the Néron-Tate height of the generator of the 63rd curve in their table with the Néron-Tate height of the point in Silverman's second example (see (i) (B) above) shows that the two values agree. It turns out, as one easily checks, that the corresponding two curves are birationally isomorphic (see Table 1 ).
+ We have compared the height values in our Table 1 with those in a corresponding (unpublished) table of Silverman containing up to six digits behind the period. They agree (except for the sixth digits of the curves 58A, 61A, 135A, 153A, 189C and for the fifth and sixth digit of the curve 185D). 6. Lang's Conjectures. Silverman [9] used his above-cited examples of rank-one elliptic curves E over Q to estimate the constants c,, c2 in S. Lang's Conjecture 2 (see [6] ) about lower bounds for the Néron-Tate height 8 on nontorsion points in £(Q). We wish to carry through a similar estimation with respect to Lang's Conjecture 3 (see [6] ) for Selmer's [8] rank-two elliptic curves E over Q.
In Section 3, Remark 2, we observed that the Néron-Tate height 5 is a quadratic form on the rational point group E(Q). This property of 8 is tantamount to the fact that the function ß(P,Q) = HHPAQ)-8(P)-8(Q)} Table 2 for P, Q g £(Q) represents a symmetric bilinear form on P(Q). If E has rank two over Q and P = Px, Q = P2 are two basis points of E(Q), the quantity Ä=|det(j8(P,,P7)),._1> R is called the regulator of the elliptic curve E over Q. In addition to the Néron-Tate height of the basis points P,, P2 of the rank-two curves E in Selmer's tables [8] , we have also computed their regulator R. More detailed information about Selmer's curves is to be found in [6] . To begin with, we list in detail two examples, namely the curves with A = 30 and A = 246 in [8] (see Table 2 ).
In analogy to Silverman [9] , we now use these Selmer curves to estimate the constants in Lang's Conjecture 3. Suppose E over Q is given in Weierstrass normal form (E) y2 = x3 + ax + b (a,6eZ).
Following Lang [6] , we define the height of E over Q to be the number
so that approximately
where again vx = -log | | denotes the additive archimedean valuation of Q. Let N stand for the conductor of E over Q (see [11] ). Then we enunciate, in the case of rank-two curves, Lang's Conjecture 3. There is a basis {PVP2} of E(Q) modulo torsion such that 8(PX) 4 8(P2) and Here we let E range over the rank-two curves in [8] and take the maximal values for cx said c2, which are attained at the curves with A = 246 and A = 30, respectively. For the sake of completeness, we include here the numerical estimates of the constants cx and c2 for all values of A in Selmer's table [8] in order to show how cx and c2 oscillate as A varies (see Table 3 ).
1t This estimation is based on the assumption that the points in Selmer's table [8] are of minimal height. We wish to thank M. Reichert for verifying this on a Siemens PC MX-2 for Selmer's curves with A = 30, 37, 65, 91, 110, 124, 126, 163, 182, 217, 254, 342, 468 and 469. Only for A = 254, the point P, + P2 is to be taken instead of P-, since it has a slightly smaller height value.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 
